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Abstract

A two-server resequencing system has two heterogeneous servers and two buffers. One is
an arrival buffer, which holds incoming jobs waiting for service. The other is a resequencing
buffer, which resequences served jobs back to their arrival orders before departure. Such a
system can be modeled as a two-stage tandem queue where the jobs are always kept in the
arrival orders but the servers swap the positions upon any job departure. With the assumption
of phase-type distributions for job interarrival and service time, the Markovian properties of
the state transition is preserved in the model. The stationary probability distribution and the
stationary conditions are obtained by the matrix-geometric solution approach. The performance
is evaluated in five numerical experiments. The main conclusions are: a small resequencing
buffer reduces the mean delay of the jobs significantly; the burstness of arrival traffic has positive
influence on the mean delay; a heterogeneous system with more-balanced servers achieves better
performance; and the slow server in a less-balanced system has negative effect which might
eventually “starve” the fast server under heavy traffic load.

Keywords: tandem queue, resequencing, matrix-geometric solution, phase-type distribution,

PH/PH/2, mean-value analysis

1 Introduction

The economy of scale tells us that more savings can be achieved in a system with one large server

rather than multiple small servers if costs are proportional to service rates. However, in the real

*This paper is an English extension of [12]



world, multiple small servers are used frequently as an alternative to a large server due to their
availability and/or extremely low costs. In a multiple-server system, it is often required to have
departure orders of a stream of jobs follow their arrival orders. A common approach is to use
a resequencing buffer to reorder the served jobs. This resequencing constraint brings additional
delay to the jobs in the system. Understanding the tradeoff between performance degradation due
to resequencing and the cost saved by multiple small servers is important for the design of such
resequencing systems.

The applications of resequencing systems can be found throughout computer and communi-
cations areas, such as parallel computing (multiple processors, parallel web servers), distributed
storage (Redundant Array of Inexpensive Disks — RAID), and networking (IBM SNA, X.25 Multi-
link, inverse multiplexing, and multipath routing).

Many works have been published in modeling and analyzing resequencing systems. An excellent
survey on the resequencing system is given by Baccelli and Makowski [1], where resequencing
problems are categorized and related works are extensively covered. The performance bounds are
obtained by the stochastic ordering theory and the ergodic theory. Yum and Ngai [2] analyze
an M/M/k/B queue with resequencing constraints. The stationary state probability is found for
M/M/k/B first. The conditional probability of a job bypassing its former jobs is derived from the
memoryless property of the service time distribution. The final resequencing delay equation can
be obtained by aggregating all delays under the conditional probabilities. The resequencing buffer
size, hence, is infinite in this paper. Iliadis and Lien [3] propose a queueing model to analyze the
delay for the resequencing system with two heterogeneous servers and threshold-type job dispatching
policy. Jobs are assigned to the slow server only when the length of the arrival buffer reaches a
certain threshold. The results in the paper are based on two unbalanced servers with service rates
at 56 and 19.2 packet/second respectively. Such heterogenous two-server systems can not have as
good performance as their bandwidth-equivalent homogenous systems.

Lien also proposes a Markovian state space description for an M/M/2/B queue with rese-
quencing. This model is also used by Varma in [4] and solved by the matrix-geometric solution
approach [5]. In there model, the resequencing buffer is infinite and the arrival buffer is limited at
B. Both arrival and resequencing buffers are considered together in the state space of the model.

However, each state has three dimensions, representing server occupations, job in-sequence states



and buffer occupations respectively. Such state space description is hard to scale and its appli-
cation to more complicated system is greatly limited. The results are also short of more general
conclusions about the performance of resequencing systems.

In contrast, this paper presents a novel tandem queue model to formulate the same resequencing
system. Compared to Varma’s work, our results of using this new model provide a stationary
condition and disclose the logical properties of the resequencing system.

A similar fork-join system is analyzed by Towsley et al. [6]. The system is modeled as a Markov
chain and its approximated response time of three different scheduling algorithms are compared.
Jean-Marie and Giin [7] provide some stochastic analysis for resequencing systems with multiple
parallel queues where the jobs are dispatched to multiple queues. This multiple-queue system
is different from other resequencing systems we mentioned earlier where jobs are dispatched to
multiple servers after waiting in a common buffer. From the economy of scale, the performance
of a common-queue multiple-server system is better than that of a multiple-queue system. Recent
related publications also include an approximation solution by Bilgen and Altintas [8] and a job
dispatching method by Gogate and Panwar [9].

This paper presents a new tandem queue model for a two-server resequencing system which has
two heterogenous servers and two buffers. The arrival buffer is used for queueing the incoming jobs.
The resequencing buffer reorders the served jobs back to their arrival orders before departure. This
system is different from the above M/M/2/B with resequencing system because of the sizes of the
two buffers. The model, moreover, is also different from other models in literature. The occupations
of the arrival and resequencing buffers and the orders of the jobs in the servers are used in the
state space representation in the tandem queue model. It preserves the Markovian property of the
state transitions and embeds resequencing constraints within the structure of the tandem queues.
All the jobs in the model follow their arrival orders all the time. In order to keep such ordering
without loss of the Markovian property of the state, the labels of two servers are swapped upon
job departure. With the assumption of the phase type distributions for the interarrival and service
time of jobs, the stationary state probability and the stationary conditions of the model are found
by the matrix-geometric solution approach. Five numerical experiments are performed and metrics
such as mean delay, maximum system throughput and server utilization are compared.

The paper is organized as follows. Section 2 introduces the two-server resequencing system and



its tandem queue model. Section 3 describes state transitions and formulates the model, its matrix
geometric solution, performance metrics and stationary conditions. Section 4 presents the results

of numerical experiments and their analysis. The conclusions are in Section 5.

2 Resequencing system and its tandem queue model

The system includes two heterogeneous servers providing service for a stream of jobs as shown in
Figure 1. The system has an infinite arrival buffer Q1 before two servers and a resequencing buffer
Q2 with limited size of n jobs. A job in Q1 will be dispatched to an idle server. When both servers
are idle, it will be sent to the fast server. After the service, all jobs will be sent to the resequencing
buffer Q2 according to their arrival orders. A job can leave Q2 as soon as there is no job arriving
earlier than it in the system. A filled Q2 will block the further access to one empty server and the
system will wait for the other busy server to finish. This blocking scenario will be explained in the
following model. Without loss of generality, the service rates are fixed, and given as a; and as for
the fast and slow servers respectively, where a1 + a0 = 1 and a1 > as. For simplicity, we also use
a1 and ay to denote these two servers.

ay
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Figure 1: The two server resequencing system
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Figure 2: The tandem queue model

This resequencing system can be modeled by a two-stage tandem queue. It is an extension of
A. B. Clark’s tandem queueing model introduced in §5.3 of [5]. In Clark’s model, servers are placed
in series with queues separating them. “The novel feature is that a busy service unit prevents the
access of the new customers to servers further down the line.”

In our tandem queue model in Figure 2, two queues represent the arrival and resequencing

buffers Q1 and Q2 respectively. The jobs in the model always follow their arrival orders. The



two servers are labeled according to the orders of their jobs. S2 always has the earliest job in the
system. S1 is serving a job which arrives earlier than any other jobs in Q1 but later than any jobs
in Q2 and S2.

The service principles here are different from those in Clark’s tandem queue model. They are
modified to keep the jobs following their arrival orders while the server labels are swapped upon
job departure. When there is a job leaving S1, the job will enter Q2 waiting for the job in S2 to
finish and the first waiting job in Q1 then enters S1. When a job leaves S2, all the jobs in Q2 will
leave the system simultaneously. Meanwhile, the job in S1 will be moved to S2 and the service
rate of S1 will be swapped with the rate of S2. In this way, we always keep S2 serving the earliest
job. If there is no job in S2, S2 will keep the higher service rate a;. Consequently, a new arrival
job will enter the fast server when both servers are idle. When Q2 is full, the job finished by S1
will wait before entering Q2. This blocks other jobs in Q1 from entering S1, until the job in S2 is
finished, Q2 is empty and S1 is idle. These service principles guarantee that all jobs always follow
their arrival orders in the model.

The service rates of S1 and S2 depend on their represented servers in the system where the jobs
are currently being served. For homogenous servers, the server label exchange is enough to keep
the Markovian property of the state transitions due to the memoryless property of the identical
service time distribution. It results in a smaller state space and is easier to scale [10, 12]. For
heterogeneous servers in this paper, we exchange the service rates following the label swaps to
guarantee the Markovian property of the state transitions. In this model, a job being served in the
system is never interrupted. This continuously serving period might include one label switch of its
server from S1 to S2 when the earliest job departs. A nice consequence of this model is that the

Markovian property is kept and the job arrival orders are embedded in the tandem queue.

State ‘ Q1 | S1 ‘ Q2 ‘ S2 ‘ Explanation
1 EDC | B A | First two jobs are served. S2 is the fast server a;.
2a ED | C B | Job A is left. Job C enter a; which is relabeled as S1.
2b ED | C B | A | Job B is served and enters Q2. Job C enters Sl=as.
5b F| E | DCB | A | Job E blocks S1 when it is served and Q2 is full.

Table 1: An example of the tandem queue model with n = 3

An example is given in Table 1. In state 1, five jobs are in the system. The first job A is in the



fast server a; labeled as S2. In state 2a, Job A is served and leaves the system. Job C enters the
fast server. In order to keep the orders, the slow server as is relabeled as S2 which is still serving
job B. The fast server a; is relabeled as S1 at the same time. In the other possible state 2b, Job B
is served before Job A and enters Q2 waiting for departure. Job C enters the slow server as which
is still S1. If Job A is still serving in S2 while Q2 is full as shown in state 5b, the finished job E

will block further service in S1.

3 DMatrix geometric solution and performance metrics

With the assumption that job arrival and service intervals follow the phase-type distributions, the
two server resequencing system is a PH/PH /2 queue with an additional resequencing buffer. “PH”
represents the phase type distribution introduced in Chapter 2 of [5]. It is a versatile class of
probability distribution which utilize memoryless distributions, such as exponential or geometric
distributions, to approximate other general distributions. It has been proved that the phase type
distribution can approximate any general distributions if the state space is large enough. The
most used exponential distribution, noted as “M” in Kendall’s queueing system representation, is
a trivial case of the phase type distribution, “PH”.

The service length of arrival jobs follows a re-order phase type distribution (3, S, S°). These jobs
arrive at the system as a phase-type Markov renewal process with the interarrival time following
a ri-order phase type distribution (a, T, 7°). The service rates for the fast and slow servers are
a1 and ao respectively and a; 4+ a2 = 1, where a; > ao. From the phase-type job service length
distribution, the service time of the jobs in two servers will follow two phase type distributions
represented by (3, 51,5y) and (3, S2, S9) respectively, where S; = a15, SY = a18Y , S = a2S and
SY = apSY.

The tandem queueing model with heterogeneous servers is studied as a Quasi-Birth-Death

(QBD) process with the state space

E = {(0,j,kh):0<j<2n+41<k<r;1<h<r}

U {(i,j,kh):0< i1 <j<2n+41<k<r;l<h<r},

where k and h represent the phases of the arrival PH-type Markov renewal process of order r; and



the service time PH-type distribution of order ry respectively. Index ¢ denotes the number of jobs
in S1 and Q1. Index j provides information on the server labels and the number of jobs after S1 (in
S2, Q2 and blocked in S1). When 1 < j < n + 2, S2 represents the fast server a; and the number
of jobs after S1 is j. When n+ 3 < j < 2n + 4, S2 represents the slow server as and the number of

jobs after S11is j —n — 2.

The infinitesimal generator matrix () is given by:
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0

where, the block matrices in @ is given by:
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In the above equations, “®” and “@®” are Kronecker product and Kronecker summation of matrices.

Identity matrices I used before or after “®” have dimensions of r; and r9 respectively. Empty spaces

in the matrices are all zeros.

The first row of @ describes the transitions when Q1 and S1 are empty (i = 0). In these states,

if S2 is idle, an arrival job will be served in S2 which moves the state from j = 0 to j = 1 with

T ® B in the first row of By. If S2 is not idle (j > 0), an arrival job will be served by S1 which

moves the state i = 0,5 > 0 to i = 1,5 > 0 as shown in Cy. When S1 is idle but S2 is busy

(i =0,5 > 0), the departure of the job in S2 empties Q2 and moves the state to ¢ = 0,5 = 0 in By.



The second row of @ is about the transitions when there is one job in Q1 and S1 (i = 1). The
first column of zero matrices in Bj is for the states j = 0. All these zero matrices have the size of
r1ra X r1. These mean that the system will never go to the state of j = 0 in one transition, because
any departure in S2 will result the relabeling of S1 and S2 (i = 0,5 > 0). The other four block
matrices bounded by solid lines at the right of B; are square matrices with size of (n + 2) x r17y
each. They represent the state transitions from ¢ = 1 to ¢ = 0 when a job leaves S2 or S1. In the
following, let’s consider an example when a job in S2 is done. If S2 is the fast server a; and there
are 1 jobs waiting in Q2 (j = n + 1), the state will change to j = n + 3 by moving the job in S1 to
S2 and empty all the jobs in Q2. Likewise, if S2 is the slow server ao and there are n jobs in Q2
(j = 2n + 3), the state will change to j = 1 by moving the job in S1 down to S2. Moreover, for
the job finished in S1, the state j will only be increased by one because the job is appended to Q2
waiting for resequencing. When Q2 is full, i.e., j = n+ 2 or j = 2n + 4, the job finished in S1 will

block S1 and no further transition is possible as shown in Bj.

The arrival transitions are represented in Ay where arrival jobs are simply appended to Q1.
The diagonal matrix A; mainly represents the phase transitions for the arrival and service phase
type distributions. In states i > 1, the departure matrix A, can be found in a similar fashion as to
the B; above.

The stationary state probability of the tandem queue model is defined as: z; ;. = P{N1 =
i,No = j, K = k, H = h}, where Nj is the number of jobs in Q1 and S1; Ny is the number of jobs
after S1; K and H are the phase states of the arrival process and the service distribution. The

stationary state probability vectors are given by:

x = (xo,r1,T2,...),
o = (x0,0a 20,1,20,25 - - - ,x0,2n+4)a
xi = (Ti1,Ti2, -, Tionta), ©>1,
Tig = (CITZ‘J‘JJ, s s Tg G ey e o s Ligry,ly e - ,wi7j77017702), (Z,j) € F.

From equations @ = 0 and ze = 1, we have

z;=x R i > 1, (1)



where the non-negative rate matrix R is the minimal nonnegative solution to the equation
Ag+ RA; + R*Ay = 0. (2)

The boundary vector (zg,x1) is obtained by equations

By Co

(w0, 21) = (0,0) (3)
B1 A1+ RA5

zoe +x1(I — R) e =1. (4)

From the Little’s theorem, the mean delay of the jobs in the system is given by

CZ = )\_1 Z (i+j)$ij€

(i,9)EF
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= MDD d(woge + o jant2e) + > (i + ) (@ige + i jini2e)]
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where A is given by

IT‘1 XTro 0
2-[7‘1 X719
A~ 0 (n =+ 2) 17 xry
IT‘1 XTro 0
2-[7‘1 X1
0 (n =+ 2) 17, xry

The server utilization formulas are given by:

2n+4

m = 1—xpe— Z xoje (6)
Jj=n+3
n—+2

ny = 1—xp0e— Z xoje (7)
j=1

We can also draw some conclusions on the stationary conditions.
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Theorem 3.1 The tandem queue model is stable if and only if
5‘ n+3 n+3
2i—apt gt =), (8)
where a1 and ay are the normalized service rates with a1 +as =1; g = »S%% is the total service rate

of the two servers; X = 0T e is the job arrival rate; 8 and ¢ are the stationary probability vectors of

T+T % and S+ S°3 respectively; n is the length of Q2; and p is the maximum system throughput.

Because the model has infinite buffer size in Q1, in the unstable condition, the length of Q1
and the mean delay will increase to infinity. For homogenous servers at a; = a9, the condition is
equivalent to % < 1—27""2 = p. This simplified stationary condition gives the maximum system
throughput p which forms vertical asymptotic lines for the mean delay curves in Figure 3, 4 and 5

in next section. The proof of the theorem is given in the Appendix.

4 Numerical experiments and analysis
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Figure 3: Mean delay d versus normalized arrival traffic A under different resequencing buffer sizes

In Figure 3, we compare the mean delay d of M/M/2 with resequencing systems to other three
general systems — A: M/M/1 with service rate p = 1/2; B: M/M/1 with p = 1; and C: M/M/2
with g = 1/2. The M/M/2 queues in this experiment have two homogeneous servers with service

rate ;1 = 1/2 each. The horizontal axis shows different arrival rates and the vertical axis gives the

11



mean delay d. The size of the resequencing buffer n is varied to be 0, 2, 5 and 20. Their maximum
system throughput are 0.75,0.9375,0.9922, and 0.9999997 from (8). They are also the maximum
arrival rates A\ in the mean delay curves since i = 2u = 1. The comparison systems A and C
provide the upper and lower bounds of the mean delay in the resequencing systems. When n = 0,
there is no resequencing buffer. A lot of jobs will be blocked in S1 when S2 is busy. By increasing
n from 0 to 5, the mean delay is reduced dramatically. Hence, a small resequencing buffer will
significantly reduce d. Further increase of n will continuously reduce d, but the reduction speed is
much slower. When n > 20, such reduction is hardly perceivable in the figure. Hence, the mean
delay when n = oo can be well approximated by that at a sufficiently large n. There is always a
gap in mean delays between resequencing system and system C (M/M/2) no matter how large n

is. This gap comes from the resequencing delay of a constant number of jobs being reordered.

20

18 n=0, MMPP Arrival | | —
[ I
! I
16 n=2, MMPP Arrival | | —
! 1
_ ) | I
141 n=5, MMPP Arrival h | i
i I
I i
12+ n=0, Poisson Arrival / / B

n=2, Poisson Arrival

Mean delay
=
o
T

n=5, Poisson Arrival

©
T

1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Nomalized arrival rate A

Figure 4: Mean delay d versus normalized arrival traffic A under different resequencing buffer sizes
for both MMPP and Poisson arrivals
In the second experiment, the impact of the bursty traffic on the mean delay is analyzed in
Figure 4. We use a two-state Markovian modulated Poisson process (MMPP) to simulate a bursty
traffic. The parameters of MMPP are
1 0 —)\1 — C1 C1 0 )\1 0
o= , T = ,T° =
01 (&) —)\2 — C2 0 )\2
where A\; = 1.54, A2 = 0.29,¢; = 0.074,c2 = 0.098 [11]. This MMPP has a squared coefficient
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of variation C2? = 2.25 and a coefficient of covariation § = 0.2. The results for both MMPP and
Poisson arrival at n = 0,2,5 are given in Figure 4. It is clearly shown that the MMPP arrival has
significantly longer mean delay than the Poisson arrival.
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Figure 5: Mean delay d versus normalized arrival traffic A\ under different service rate ratios when
n=>5

The third experiment is to analyze mean delays in the resequencing system with heterogeneous
servers. In Figure 5, three systems for comparison are the same as the first experiment in Figure 3.
Four resequencing systems with n = 5 use heterogeneous servers with different service rate ratios
at ay : ag = 1,2, 3,4 respectively. The higher the ratio is, the longer the mean delay is. The results
show that a balanced two server resequencing system achieves the lowest mean delay.

Continuing from heterogenous server experiment, our fourth experiment is on the maximum
system throughput calculated from (8). Figure 6 shows the maximum system throughput versus
the slow server’s service rate as under different n. The maximum system throughput is obtained
when two servers are balanced at a; = ag = 1/2. Moreover, the increase of n will not only reduce
the mean delay as shown in Figure 3, but also improve the maximum system throughput.

The last experiment is about the server utilization 7; and 72 in heterogenous resequencing
systems. Figure 7 and Figure 8 show the influence of different service rate ratios on the server
utilization in the resequencing systems with n = 2 and 20. These results not only provide further

supportive results for the above conclusions, but also discover a scenario where the utilization of the
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fast server is reduced by its slower partner. In both figures, when the service rate ratio increases up
to 3, the slow server gets higher utilization under high arrival rate in both systems. This scenario

seems to contradict common understanding — when two servers have different service rates, the
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Figure 8: Mean server utilization versus arrival rate A under different service rate ratios, n = 20

fast server should get higher utilization. This scenario can be explained as follows. When the fast
server is too fast (a; : ag > 3) and the traffic load is high, the slow server will take much longer
time to serve an earliest job in the system. This job will block all the other later jobs which have
been served in the fast server and waiting in Q2. When the limited resequencing buffer is full, the
fast server is blocked and “starved” by its slower partner. This is an important disadvantage of

heterogenous resequencing systems.

One approach to solve the above problem is to keep the slow server idle under certain traffic load
and resequencing queue occupation. In this way, the job served by the fast server gets minimum
resequencing interference from the slow server and can leave the system without waiting in the
resequencing buffer. This is similar to the threshold-type job dispatching policy in [3]. However,
this solution is based on the case where the service rate ratio is very high (a; : ag > 3). It is more

realistic to have a balanced multiple server system and it also results in better performance.
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5 Conclusion

In this paper, we propose a tandem queue model to analyze the two server resequencing system.
The state space and transition matrices are given. Matrix-geometric solution approach is used to
find the stationary state probability and the stationary condition of the model, the mean delay
of jobs, and the mean server utilization. Based on the results of five numerical experiments, our

conclusions about the resequencing system is given in the following.

The larger the resequencing buffer size, the lower the mean delay and the higher the maximum

system throughput.

e The increase of the resequencing buffer size n will be very helpful to reduce the mean delay in
the beginning (when the size is small), but these benefits drop down significantly after n > 20

and the mean delay converges to its limit at n = oo.

e In heterogeneous resequencing systems, the higher the service rate ratio, the larger the mean

delay and the lower the maximum system throughput.
e A balanced two server resequencing system will perform better than a less balanced one.
e In a heterogeneous two-server resequencing system, the slow server might have higher utiliza-

tion than the fast server. This is a disadvantage because the slow server will block the fast

server under heavy traffic load.

Appendix: Proof of Theorem 3.1

From Theorem 1.7.1 in [5], the stationary condition of the tandem queue model satisfies

wApe < mAse, 9)
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where m = (71, m2), ) = (Tp1, Tk 2, - - -, Thm+2), k = 1,2 is the stationary probability vector of

the matrix A = Ag + A1 + A and

) (T+T%) @S 1®S98 0 I1® S8 0 0
J
1
1 0 1528 1® %3 0 0
A= nio 0 (T+T%) ® S I1®5%3 0
n+3 I®S98 0 0 (T+1%°0)@s 1598 0
2n+3 -
I®Sy3 0 0 0 . I1®S)3
2n+4
" I®Sy3 0 0 0 0 (T+T%) & S

After some derivation, m can be found as:

T = a%aﬁ@qﬁ,lgjgn—i-l;
Timrz = a3t?0® ¢;
Toj = a{a29®¢,1§j§n+1;
Tons2 = 67770 ®¢; (10)

where 0 and ¢ are the stationary probability vectors of T'+ 7% and S + S°3 respectively; n is the

length of Q2. Substituting the above (10) into (9) proves Theorem 3.1.
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